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APPROXIMATE SEMI-AMENABILITY OF BANACH
ALGEBRAS
M. SHAMS KOJANAGHI, K. HAGHNEJAD AZAR ∗, AND M. R. MARDANBEIGI
Abstract. Let A be a Banach algebra, and X a Banach A-bimodule. A
bounded linear mapping D : A → X is approximately semi-inner deriva-
tion if there eixist nets (ξα)α and (µα)α in X such that, for each a ∈ A,
D(a) = limα(a.ξα − µα.a). A is called approximately semi-amenable if for ev-
ery Banach A-bimodule X , every D ∈ Z1(A,X ∗) is approximtely semi-inner.
There are some Banach algebras which are approximately semi-amenable, but
not approximately amenable. In this manuscript, we investigate some prop-
erties of approximate semi-amenability of Banach algebras. Also in Theorem
2.7 we prove the approximate semi-amenability of Segal algebras on a locally
compact group G.
1. Introduction and preliminaries
Let A be a Banach algebra, and X a Banach A-bimodule. A derivation is a
linear map D : A→ X , such that D(ab) = D(a)b+ aD(b), (a ∈ A). Throughout,
unless otherwise stated, by a derivation we mean a continuous derivation. The
space of continuous derivations from A to X is denoted by Z1(A,X ). For x ∈ X ,
set δx(a) := a.x−x.a, which is a continuous derivation from A to X , and is called
inner derivation. The space of all inner derivations from A to X is denoted by
N 1(A,X ), the first cohomology group of A with coefficients in X is defined to be
the quotient space H1(A,X ) := Z1(A,X )/N 1(A,X ).
The Banach algebra A is amenable if and only if H1(A,X ∗) := {0} for each
Banach A-bimodule X , and that A is contractible if and only if H1(A,X ) := {0}
for each Banach A-bimodule X .
Gourdeau in [11], showed that a Banach algebra A is amenable if and only
if every bounded derivation D : A → X , for any Banach A-bimodule X can be
approximated by a net of inner derivations [[11], Proposition 1]. A weaker version
of this notion is approximate amenability of Banach algebras, that is, a Banach
algebras A is approximately amenable if and only if every bounded derivation
D : A→ X ∗ for any Banach dual A-bimodule X ∗ can be approximated by a net
of inner derivations. The concept of approximate amenability of Banach algebras
first was introduced and studied by Ghahramani and Loy in [7]. Then they
showed that approximate amenability and approximate contractibility of Banach
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algebras are equivalent [[10], Theorem 2.1]. They also introduced the concept
of semi-amenability and approximate semi-amenability of Banach algebras in [8],
and studied the last notion on tensor product of Banach algebras.
Let A be a Banach algebra and X be a Banach A-bimodule. A derivation D :
A → X is called approximately inner if there exists a net (ξα) in X such that
D(a) = limα(a.ξα− ξα.a), for each a ∈ A. D is approximately semi-inner if there
are nets (ζα)α and (µα)α in X such that D(a) = limα(a.ζα−µα.a), for each a ∈ A.
A Banach algebra A is approximately amenable (rep: approximately semi-
amenable) if for every Banach A-bimodule X , every derivation D : A → X ∗
is approximately inner (rsp: approximately semi-inner).
For a Banach algebra A the projective tensor product A⊗̂A is the completion of
algebraic tensor product A⊗ A with respect to projective tensor norm, and is a
Banach A-bimodule by the multiplication specified by
a.(b⊗ c) := ab⊗ c,
(b⊗ c).a := b⊗ ca, (a, b, c ∈ A).
The dual space (A⊗̂A)∗ is BL(A × A), the space of bounded bilinear forms on
A×A. The product map and it’s first and second duals, respectively, specify by
pi : A⊗̂A→ A, pi(a⊗ b) = ab,
pi∗ : A∗ → (A⊗̂A)∗, 〈pi∗(f), a⊗ b〉 = 〈f, ab〉,
pi∗∗ : (A⊗̂A)∗∗ → A∗∗, 〈pi∗∗(F ′′), f〉 = 〈F ′′, pi∗(f)〉,
for a, b ∈ A, f ∈ A∗ and F ′′ ∈ (A⊗̂A)∗∗. Clearly, pi is an A-bimodule homomor-
phism with respect to the above module structure on A⊗̂A.
Also for Banach algebras A and B, the l1-direct sum A ⊕ B equipped with the
multiplication (a, b).(c, d) := (ac, bd) is a Banach algebra.
A Banach algebra A is said to be dual if there is a closed submodule A∗ of A
∗,
such that A = (A∗)
∗. For a dual Banach algebra A, a dual Banach A-bimodule
X is called normal if, for each x ∈ X the maps a→ a.x and a→ x.a from A into
X , are w∗-continuous. A dual Banach algebra A is Connes-amenable if, for every
normal, dual Banach A-bimodule X , every w∗-continuous derivation D : A→ X
is inner. We denote Z1w∗(A,X ) for the w
∗-continuous derivations from A into X
and H1w∗(A,X ) = Z
1
w∗(A,X )/N
1(A,X ).
The unitization of non-unital Banach algebra A, is denoted by A♯ = A ⊕ C.
We will sometimes abbreviate the phrases ”bounded approximate identity” and
”approximate identity” to B.A.I and A.I, respectively.
2. Main results
A Banach algebra A is approximately amenable (rep: approximately semi-
amenable) if for every Banach A-bimodule X , every derivation D : A → X ∗ is
approximately inner (rsp: approximately semi-inner). For (1 ≤ p < ∞), the
Banach sequence algebras lp = lp(N), are neither amenable nor approximately
amenable [[4], Theorem 4.1]. But Example 3.7 of [8] shows that lp is approxi-
mately semi-amenable whenever (1 ≤ p <∞).
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Consequently, a Banach algebra can be approximately semi-amenable, without
being approximately amenable, and this motivates us to decide that all chosen
Banach algebras throughout this paper not to be approximately amenable, unless
otherwise specified.
Proposition 2.1. Let A be a Banach algebra. Then A is approximately semi-
amenable if and only if A♯ is approximately semi-amenable.
Proof. Let A be approximately semi-amenable. Suppose that X is a Banach A♯-
bimodule and D : A♯ → X ∗ a continuous derivation. Then by [[7], Lemma 2.3],
D = D1+δλ, where λ ∈ X ∗ and D1 : A♯ → e.X ∗.e is a derivation. Since D1(e) = 0
and D1 |A is approximately semi-inner, so is D.
Conversely, let A♯ be approximately semi-amenable. Suppose that X is a Banach
A-bimodule and D : A → X ∗ a continuous derivation. So X is a Banach A♯-
bimodule by module actions,
(a+ λe).x := ax, x.(a+ λe) := xa, ((a + λe) ∈ A♯).
Now define
D∼ : A♯ → X ∗
D∼(a + λe) = D(a), (a ∈ A, λ ∈ C).
Obviously, D∼ is a continuous derivation. Thus by assumption there are nets (ξα)
and (µα) in X ∗, such that
D(a) = D∼(a+ λe) = lim
α
((a+ λe).ξα − µα.(a + λe))
= lim
α
(aξα − µαa).
Thus A is approximately semi-amenable. 
Lemma 2.2. Let the Banach algebra A be approximately semi-amenable. Then
A has an approximate identity.
Proof. The proof is similar to Lemma 2.2 in [7]. 
Theorem 2.3. The Banach algebra A is approximately semi-amenable if and
only if there exist ( necessarily nonequal ) nets (Mα) and (Nα) in (A
♯⊗̂A♯)∗∗ such
that for each a ∈ A♯
(i) a.Mα −Nα.a −→ 0,
(ii) pi∗∗
A♯
(Mα) = pi
∗∗
A♯
(Nα) = e
(A♯)∗∗
, (α ∈ Λ).
Proof. If A is approximately semi-amenable, then by Proposition 2.1 so is A♯.
Suppose that τ : A♯⊗̂A♯ −→ (A♯⊗̂A♯)∗∗ and τ1 : A♯ −→ (A♯)∗∗ be natural injec-
tions. Set u = τ(e⊗ e). Define
δu : A
♯ −→ (A♯⊗̂A♯)∗∗
δu(a) = a.u− u.a, (a ∈ A
♯).
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So δu is a continuous derivation, and for each f ∈ (A
♯)∗,
〈pi∗∗(δu(a)), f〉 = 〈pi
∗∗(a.τ(e⊗ e)− τ(e⊗ e).a), f〉
= 〈a.τ(e⊗ e)− τ(e⊗ e).a, pi∗(f)〉
= 〈a.τ(e⊗ e), pi∗(f)〉 − 〈τ(e⊗ e).a, pi∗(f)〉
= 〈τ(e⊗ e), pi∗(f).a〉 − 〈τ(e⊗ e), a.pi∗(f)〉
= 〈pi∗(f).a, e⊗ e〉 − 〈a.pi∗(f), e⊗ e〉
= 〈pi∗(f), ae⊗ e〉 − 〈pi∗(f), e⊗ ea〉
= 〈f, pi(a.e⊗ e− e⊗ e.a)〉 = 〈f, 0〉.
Thus for each a ∈ A♯, δu(a) ∈ kerpi∗∗. Since kerpi∗∗ is a Banach A♯-bimodule,
therefore δu ∈ Z1(A♯, kerpi∗∗), and by assumption there are nets (mα) and (nα)
in kerpi∗∗ such that for each a ∈ A♯, δu(a) = limα(a.mα − nα.a). Now we set
(Mα)α = (u −mα)α and (Nα)α = (u − nα)α, which are nets in (A♯⊗̂A♯)∗∗. It is
easily verified that pi∗∗ ◦ τ = τ1 ◦ pi, then for each a ∈ A♯ we have
(1) a.Mα −Nα.a = a.(u−mα)− (u− nα).a = δu(a)− (a.mα − nα.a) −→ 0,
(2) pi∗∗
A♯
(Mα) = pi
∗∗
A♯
(u−mα) = pi∗∗A♯(u) = pi
∗∗
A♯
(τ(e⊗ e)) = τ1(pi(e⊗ e)) = e
(A♯)∗∗
,
(3) pi∗∗
A♯
(Nα) = pi
∗∗
A♯
(u− nα) = pi
∗∗
A♯
(u) = pi∗∗
A♯
(τ(e⊗ e)) = τ1(pi(e⊗ e)) = e
(A♯)∗∗
.
Conversely, suppose that ”only if” holds. For each α, according to Goldstine’s
Theorem, there are bounded nets (mλα)λ and (n
λ
α)λ in A
♮⊗̂A♮, such that,
mλα −→Mα, n
λ
α −→ Nα
in weak∗-topology on (A♮⊗̂A♮)∗∗. Let X be a neo-unital Banach A♮-bimodule and
D ∈ Z1(A♮,X ∗) be continuous. We show that D is approximately semi-inner. Let
mλα =
∑∞
n=1 a
(λ)
n,α ⊗ b
(λ)
n,α and nλα =
∑∞
n=1 c
(λ)
n,α ⊗ d
(λ)
n,α with
∑∞
n=1 ‖ a
(λ)
n,α ‖ b
(λ)
n,α ‖<∞
and
∑∞
n=1 ‖ c
(λ)
n,α ‖‖ d
(λ)
n,α ‖<∞. Then (
∑∞
n=1 a
(λ)
n,α.Db
(λ)
n,α)λ and (
∑∞
n=1 c
(λ)
n,α.Dd
(λ)
n,α)λ
are bounded nets in X ∗, which have w∗-accumulation points such as ηα and ξα
in X ∗, respectively. Without loss of generality, we suppose that ηα and ξα are
respectively, the w∗-limits of (
∑∞
n=1 a
(λ)
n,α.Db
(λ)
n,α)λ and (
∑∞
n=1 c
(λ)
n,α.Dd
(λ)
n,α)λ. Define
ψ : A♯⊗̂A♯ −→ X ∗, ψ(a⊗ b) = aD(b), (2.1)
which is a bilinear and continuous map. Also by assumption we have
a.Mα −Nα.a −→ 0 (2.2)
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in weak∗-topology on (A♮⊗̂A♮)∗∗. Then, from (2.1), (2.2), and neo-unitality of X ,
for each a ∈ A♯ and x ∈ X , we have
〈x, a.ηα〉 = lim
λ
〈x,
∞∑
n=1
aa(λ)n,αDb
(λ)
n,α〉
= lim
λ
〈x, ψ(a.mλα)〉
= lim
λ
〈x, ψ(nλα.a)〉
= lim
λ
〈x,
∞∑
n=1
c(λ)n,αD(d
(λ)
n,αa)〉
= lim
λ
〈x,
∞∑
n=1
(c(λ)n,αd
(λ)
n,αDa+ c
(λ)
n,αD(d
(λ)
n,α)a)〉
= lim
λ
〈x.
∞∑
n=1
c(λ)n,αd
(λ)
n,α,Da〉+ lim
λ
〈x,
∞∑
n=1
c(λ)n,αD(d
(λ)
n,α)a〉
= lim
λ
〈x.
∞∑
n=1
c(λ)n,αd
(λ)
n,α,Da〉+ 〈x, ξα.a〉.
Consequently, we have
lim
α
〈x, a.ηα〉 = lim
α
lim
λ
〈x.
∞∑
n=1
c(λ)n,αd
(λ)
n,α,Da〉+ lim
α
〈x, ξα.a〉
and therefore limα〈x, a.ηα〉 = 〈x,D(a)〉 + limα〈x, ξα.a〉. It follows that D is ap-
proximately semi-inner and consequently, by Proposition 2.1 A is approximately
semi-amenable. 
Similarly, we have the following parallel result.
Theorem 2.4. The Banach algebra A is approximately semi-contractible if and
only if there exist ( necessarily nonequal ) nets (Mα) and (Nα) in (A
♯⊗̂A♯) such
that for each a ∈ A♯
(i) a.Mα −Nα.a −→ 0,
(ii) pi(Mα) −→ e,
(iii) pi(Nα) −→ e.
Proof. The proof is similar to Theorem 2.3. 
From Theorems 2.3 and 2.4 and A♯⊗̂A♯
w∗
= (A♯⊗̂A♯)∗∗ as a consequence from
Goldstines Theorem, we conclude that approximately semi-amenability and ap-
proximately semi-contractibility of a Banach algebra are equivalent.
Definition 2.5. Let G be a locally compact group. A subset S1(G) of the Banach
algebra L1(G) is said to be a Segal algebra if it satisfies the following conditions:
(1) S1(G) is dense in L1(G).
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(2) S1(G) is a Banach space, with norm ‖.‖s, and
‖f‖1 ≤ ‖f‖s, ; (f ∈ S
1(G)).
(3) S1(G) ∋ f =⇒ Lx ∗ f ∈ S
1(G) for all x ∈ G where,
Lx ∗ f(y) = f(x
−1y), (y ∈ G),
and the mapping x→ Lx ∗ f of G into S
1(G) is continuous.
(4) f ∈ S1(G) =⇒ ‖Lx ∗ f‖s = ‖f‖s for all x ∈ G.
It readily follows from the above conditions and Proposition 1 in Section 4 of
[12], that S1(G) with convolution as multiplication, is a left ideal of the algebra
L1(G), and that
‖h ∗ f‖s ≤ ‖h‖1‖f‖s (2.3)
holds for all f ∈ S1(G) and all h ∈ L1(G), in particular it follows that S1(G) is
in fact, a Banach algebra.
Definition 2.6. A locally compact group G is called a [SIN] group if there exists
a topological basis of conjugate invariant neighbourhoods of the identity element
of the group G.
Theorem 2.7. Every proper Segal algebra of a locally compact group G is ap-
proximately semi-amenable.
Proof. Let G be a locally compact group. Suppose that S1(G) is a proper Segal
subalgebra of L1(G), and (fn)n is a sequence in L
1(G). Since S1(G)
‖.‖1
= L1(G),
so for each n ∈ N there exists a sequence (fn,m)m ⊂ S1(G) such that fn,m → fn
in norm topology of L1(G). Take f0 ∈ S1(G) fixed, then fn,m ∗ f0 −→ fn ∗ f0. Set
Fn,m = (fn,m − fn) ∗ f0,
then (Fn,m)m = {(fn,m − fn) ∗ f0}m ⊂ S
1(G), and by (2.3)
‖Fn,m‖s = ‖(fn,m − fn) ∗ f0‖s ≤ ‖fn,m − fn‖1‖f0‖s.
So limm Fn,m = 0, in norm-topology of S
1(G). Let
Mm =
6
pi2
∞∑
n=1
(Fn,m + e)
n2
⊗ e,
Nm =
6
pi2
∞∑
n=1
e⊗
(Fn,m + e)
n2
.
Obviously,
(Mm), (Nm) ⊂ S
1(G)♯⊗̂S1(G)♯.
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For each H = (f + λe) ∈ S1(G)♯, we have
(i) H.Mm −Nm.H =
6
pi2
∞∑
n=1
H.
(Fn,m + e)
n2
⊗ e− e⊗
(Fn,m + e)
n2
.H
=
6
pi2
∞∑
n=1
(f + λe).
(Fn,m + e)
n2
⊗ e− e⊗
(Fn,m + e)
n2
.(f + λe)
=
6
pi2
∞∑
n=1
(f.Fn,m, λ)
n2
⊗ e− e⊗
(Fn,m.f, λ)
n2
→
6
pi2
∞∑
n=1
[
λ.e⊗ e− e⊗ λ.e
n2
] = 0
(ii) pi
S1(G)♯
(Mm) =
6
pi2
∞∑
n=1
(Fn,m + e)
n2
.e
→
6
pi2
∞∑
n=1
e
n2
= e.
(iii) pi
S1(G)♯
(Nm) =
6
pi2
∞∑
n=1
e.
(Fn,m + e)
n2
→
6
pi2
∞∑
n=1
e
n2
= e.
Hence by Theorems 2.4 and 2.3 S1(G) is approximately semi-amenable. 
Recall : when G is SIN group this kind of Segal algebras are not approximately
amenable [1].
Example 2.8. Let R be the real numbers group, which is a locally compact,
Abelian and SIN group. Then every proper Segal subalgebra of L1(R) is approx-
imately semi-amenable. For instance
(1) S1(R) the Banach space of all continuous functions in L1(R) which vanish
at infinity, with norm ‖f‖s = ‖f‖1 + ‖f‖∞ is a Segal algebra [12].
(2) S1(R) = L1(R) ∩ Lp(R), 1 < p < ∞, with norm ‖f‖s = ‖f‖1 + ‖f‖p is a
Segal algebra on R, [12].
Thus both of above Segal algebras are approximately semi-amenable which by
Theorem 1 of [1] are never approximately amenable.
Now consider the following Lemmas which we use them in the some parts of
this section.
Lemma 2.9. Let A be a Banach algebra. Then there is a continuous linear
mapping Ψ : A∗∗⊗̂A∗∗ → (A⊗̂A)∗∗ such that for a, b, x ∈ A and m ∈ A∗∗⊗̂A∗∗ the
following hold:
(i) Ψ(a⊗ b) = a⊗ b, (ii) Ψ(m).x = Ψ(m.x),
(iii) x.Ψ(m) = Ψ(x.m), (iv) (piA)
∗∗(Ψ(m)) = piA∗∗(m).
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Proof. See [9]. 
Lemma 2.10. Let A and B be Banach algebras. Then there is a continuous
linear mapping Ψ : A∗∗⊗̂B∗∗ → (A⊗̂B)∗∗ such that for a ∈ A, b ∈ B, x ∈ A⊗̂B
and m ∈ A∗∗⊗̂B∗∗ the following hold:
(i) Ψ(a⊗ b) = a⊗ b,
(ii) Ψ(m).x = Ψ(m.x),
(iii) x.Ψ(m) = Ψ(x.m).
Proof. The proof is similar to Lemma 2.9. 
Remark: We consider
(A♯)∗∗ = (A⊕ C)∗∗
= A∗∗ ⊕ C∗∗
= A∗∗ ⊕ C = (A∗∗)♯
Theorem 2.11. Let A be a Banach algebra. If A∗∗ is approximately semi-
amenable, then so is A.
Proof. Suppose that A∗∗ is approximately semi-amenable. Thus by Theorem 2.3
there are nets (Mα) and (Nα) in ((A
∗∗)♯⊗̂(A∗∗)♯)∗∗ = ((A♯)∗∗⊗̂(A♯)∗∗)∗∗ such that
for each F ∈ (A∗∗)♯ = (A♯)∗∗
(i) F.Mα −Nα.F −→ 0
(ii) pi∗∗(A♯)∗∗(Mα) = pi
∗∗
(A♯)∗∗(Nα) = e, (α ∈ Λ).
For each α ∈ Λ there are nets (m(λ)α ) and (n
(λ)
α ) in ((A)♯)∗∗⊗̂((A)♯)∗∗ such that
m(λ)α −→Mα, n
(λ)
α −→ Nα
in w∗-topology. Therefore, by Lemma 2.9 for continuous linear mapping Ψ :
((A)♯)∗∗⊗̂((A)♯)∗∗ −→ (A♯⊗̂A♯)∗∗, the nets (M ′′α,λ) = (Ψ(m
(λ)
α ))λ and (N
′′
α,λ) =
(Ψ(n
(λ)
α ))λ are belong to (A
♯⊗̂A♯)∗∗ and for each a ∈ A♯, we have
(i) a.M ′′α,λ −N
′′
α,λ.a = a.Ψ(m
(λ)
α )−Ψ(n
(λ)
α ).a
= Ψ(am(λ)α )−Ψ(n
(λ)
α a)
= Ψ(am(λ)α − n
(λ)
α a)
→ Ψ(a.Mα −Nα.a)
→ Ψ(0) = 0
(ii) pi∗∗
A♯
(M ′′α,λ) = pi
∗∗
A♯
(Ψ(m(λ)α ))
= pi(A♯)∗∗(m
(λ)
α )
→ pi(A♯)∗∗(Mα) = e
pi∗∗
A♯
(N ′′α,λ) = pi
∗∗
A♯
(Ψ(n(λ)α ))
= pi(A♯)∗∗(n
(λ)
α )
→ pi(A♯)∗∗(Nα) = e
Consequently, A is approximately semi-amenable. 
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Proposition 2.12. Let A be approximately semi-amenable and ϕ : A → B be a
continuous epimorphism then B is approximately semi-amenable.
Proof. The proof is straightforward. 
Corollary 2.13. Suppoe that A is approximately semi-amenable, and J is a
closed two-sided ideal of A. Then the quotient Banach algebra A/J is approxi-
mately semi-amenable.
With notice to page 15 from [5], approximate amenability of A⊕A still is open
question whenever A so is. In the following we solve the problem for approximate
semi-amenability in general case.
Theorem 2.14. Let A and B be Banach algebras. Then A⊕B is approximately
semi-contractible if and only if A and B are approximately semi-contractible.
Proof. Let X and Y be respectively, Banach A-bimodule and Banach B-bimodule
and D1 ∈ Z1(A,X ), D2 ∈ Z1(B,Y) be continuous. Then X ⊕ Y is a Banach
A⊕ B-bimodule, by following module actions
(a, b).(x, y) := (ax, by),
(x, y).(a, b) := (xa, yb),
for a ∈ A , b ∈ B , x ∈ X and y ∈ Y . Clearly, the mapping D∼ : A ⊕ B →
X ⊕ Y specified by D∼(a, b) := (D1(a),D2(b)) is a continuous derivation. So by
assumption there are nets {(xα, yα)}α and {(x′α, y
′
α)}α in X ⊕ Y , ( xα, x
′
α ∈ X ,
and yα, y
′
α ∈ Y) such that
(D1(a),D2(b)) = D
∼(a, b)
= lim
α
((a, b).(xα, yα)− (x
′
α, y
′
α).(a, b))
= lim
α
(axα − x
′
αa , byα − y
′
αb).
Therefore, D1 and D2 are approximately semi-inner. Consequently, A and B are
approximately semi-contractible.
Conversely, let X be a Banach A⊕B-bimodule andD : A⊕B → X be a continuous
derivation. Then X is a Banach A (and B)-bimodule by following module actions,
a.x := (a, 0)x, x.a := x(a, 0),
( b.x := (0, b)x, x.b := x(0, b), )
for each a ∈ A , b ∈ B and x ∈ X . Clearly, D induces two continuous derivations
as follows
D1 : A→ X , D1(a) = D(a, 0),
D2 : B → X , D2(b) = D(0, b).
So there are nets (ζα)α, (ξα)α, (µα)α and (ηα)α in X such that
D1(a) = lim
α
[a.ξα − ζα.a] = lim
α
[(a, 0)ξα − ζα(a, 0)]
D2(b) = lim
α
[b.µα − ηα.b] = lim
α
[(0, b)µα − ηα(0, b)]
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for each a ∈ A and b ∈ B .
D(a, b) = lim
α
[(a, 0)ξα − ζα(a, 0)] + lim
α
[(0, b)µα − ηα(0, b)]. (2.4)
According to approximate semi-contractibility of A and B, they have A.I. Let
(eα)α and (fα)α be right and left A.I for A, respectively. Also (e
′
α)α and (f
′
α)α
be right and left A.I for B, respectively. ( Without lose of generality we used
common index set, for all nets ). Then for each (a, b) ∈ A⊕ B, we have
(a, 0) = lim
α
(a, b).(eα, 0) = lim
α
(fα, 0).(a, b),
(0, b) = lim
α
(a, b).(0, e′α) = lim
α
(0, f ′α).(a, b).
Now by above equation we have
D(a, b) = lim
α
[(a, b).((eα, 0)ξα + (0, e
′
α)µα)− (ζα(fα, 0) + ηα(0, f
′
α)).(a, b)] .
Letting,
(ψα)α = {(eα, 0)ξα + (0, e
′
α)µα}α
(ϕα)α = {ζα(fα, 0) + ηα(0, f
′
α)}α.
Thus the nets (ψα) and (µα) are belong to X and
D(a, b) = lim
α
[(a, b).ψα − ϕα.(a, b)] .
So D is approximately semi-inner and consequently, A⊕B is approximately semi-
contractible. 
Example 2.15. Let lp and lq, (1 ≤ p, q <∞) be Banach sequence algebras. By
discussion at the begining of this section both lp and lq are approximately semi-
amenable, then by Theorem 2.14, lp⊕ lq, and generally, ⊕ni=1l
p are approximately
semi-amenable which never approximately amenable.
In the following theorem we use some techniques, from argument of Theorem
3.3 in [8].
Theorem 2.16. Let A and B be Banach algebras. Then A⊗̂B is approximately
semi-contractible, if and only if A and B are approximately semi-contractible.
Proof. Let X be a Banach A-bimodule, and D : A → X be a continuous deriva-
tion. So X⊗̂B is a A⊗̂B-bimodule by following module actions
(x′ ⊗ b′)(a⊗ b) := x′a⊗ b′b
(a⊗ b)(x′ ⊗ b′) := ax′ ⊗ bb′
for a ∈ A, x′ ∈ X and b, b′ ∈ B.
Define
D∼ : A⊗̂B → X⊗̂B
D∼(a⊗ b) = D(a)⊗ b
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for a ∈ A and b ∈ B. Then
D∼((a1 ⊗ b1)(a2 ⊗ b2)) = D
∼(a1a2 ⊗ b1b2)
= (D(a1).a2 + a1.D(a2))⊗ (b1b2)
= ((D(a1).a2)⊗ b1b2) + (a1.D(a2)⊗ b1b2)
= ((D(a1)⊗ b1).(a2 ⊗ b2)) + ((a1 ⊗ b1).(D(a2)⊗ b2)
= D∼(a1 ⊗ b1).(a2 ⊗ b2) + (a1 ⊗ b1).D
∼(a2 ⊗ b2).
Consequently, D∼ is a derivation. By assumption, D∼ must be approximately
semi- inner, so there exist nets mα =
∑∞
n=1 xn,α⊗ bn,α and nα =
∑∞
n=1 x
′
n,α⊗ b
′
n,α
in X⊗̂B, (xn,α, x′n,α ∈ X , bn,α, b
′
n,α ∈ B), such that, for each a⊗b ∈ A⊗̂B, we have
D(a)⊗ b = D∼(a⊗ b)
= lim
α
[(a⊗ b).mα − nα.(a⊗ b)]
= lim
α
[
∞∑
n=1
(a⊗ b).(xn,α ⊗ bn,α)−
∞∑
n=1
(x′n,α ⊗ b
′
n,α).(a⊗ b)]
= lim
α
[
∞∑
n=1
axn,α ⊗ bbn,α −
∞∑
n=1
x′n,αa⊗ b
′
n,αb
]
.
Now fix b0 ∈ B non-zero, and take b
∗
0 ∈ B
∗ with 〈b∗0, b0〉 = 1. Define the operator
ψ : X⊗̂B → X
ψ(x⊗ b) = 〈b∗0, b〉x
and by applying it to both sides of equation (??) we have
〈b∗0, b〉D(a) = ψ(D(a)⊗ b)
= lim
α
[
∞∑
n=1
ψ(axn,α ⊗ bbn,α)−
∞∑
n=1
ψ(x′n,αa⊗ b
′
n,αb)].
= lim
α
[
∞∑
n=1
a〈b∗0, bbn,α〉xn,α −
∞∑
n=1
〈b∗0, b
′
n,αb〉x
′
n,αa].
Take b = b0, then for each a ∈ A,
D(a) = lim
α
[a(
∞∑
n=1
〈b∗0, b0bn,α〉xn,α)− (
∞∑
n=1
〈b∗0, b
′
n,αb0〉x
′
n,α)a].
By setting µα =
∑
∞
n=1〈b
∗
0, b0bn,α〉xn,α, and ξα =
∑
∞
n=1〈b
∗
0, b
′
n,αb0〉x
′
n,α, so µα, ξα ∈
X and D(a) = limα(a.µα − ξα.a). Consequently, A is approximately semi-
contractible. There is a similar argument for B.
Conversely, let A and B be approximately semi-amenable. So by Theorem 2.3
there are nets (Mα) and (Nα) in (A
♯⊗̂A♯)∗∗ and nets (M ′α), (N
′
α) in (B
♯⊗̂B♯)∗∗
which satisfy conditions (i), (ii) and (iii) mentioned in Theorem 2.3. Let Ψ and
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Ψ1 be continuous linear maps mentioned in Lemma 2.10, as follows,
Ψ : (A♯⊗̂A♯)∗∗⊗̂(B♯⊗̂B♯)∗∗ → ((A♯⊗̂A♯)⊗̂(B♯⊗̂B♯))∗∗ ∼= ((A♯⊗̂B♯)⊗̂(A♯⊗̂B♯))∗∗,
Ψ1 : (A
♯)∗∗⊗̂(B♯)∗∗ → (A♯⊗̂B♯)∗∗.
Then (M ′′α) = {Ψ(Mα ⊗M
′
α)}α and (N
′′
α) = {Ψ(Nα ⊗N
′
α)}α are nets in ((A
♯⊗̂B♯)⊗̂(A♯⊗̂B♯))∗∗.
For each (a⊗ b) ∈ A♯⊗̂B♯ we have, the following items
(i) (a⊗ b).M ′′α −N
′′
α.(a⊗ b) = (a⊗ b).Ψ(Mα ⊗M
′
α)−Ψ(Nα ⊗N
′
α).(a⊗ b)
= Ψ(a.Mα ⊗ b.M
′
α)−Ψ(Nα.a⊗N
′
α.b)
= T (aMα, bM
′
α)− T (Nαa,N
′
αb)
= T (aMα −Nαa, bM
′
α −N
′
αb)→ T (0, 0) = 0
(ii) It’s easily verified that, pi∗∗
A♯⊗̂B♯
◦Ψ = Ψ1 ◦ (pi∗∗A♯ ⊗ pi
∗∗
B♯
). Then we have
pi∗∗
A♯⊗̂B♯
(M ′′α) = pi
∗∗
A♯⊗̂B♯
(Ψ(Mα ⊗M
′
α))
= (Ψ1 ◦ (pi
∗∗
A♯
⊗ pi∗∗
B♯
)(Mα ⊗M
′
α)
= Ψ1((pi
∗∗
A♯
(Mα)⊗ (pi
∗∗
B♯
(M ′α))
= Ψ1(e
(A♯)∗∗
⊗ e
(B♯)∗∗
)
= e
(A♯⊗̂B♯)∗∗
(iii) Similarly, pi∗∗
A♯⊗̂B♯
(N ′′α) = e(A♯⊗̂B♯)∗∗ . 
Since for a non-zero character ϕ on lp; the map x ⊗ y → ϕ(x)y determines
a continuous epimorphism of lp⊗̂lp onto lp. So if lp⊗̂lp is amenable, lp would
also be amenable, which is contrary to non-amenability of lp. On the one hand
by Theorem 2.1, of [10] approximate amenability is equivalent by approximate
contractibility. Thus lp⊗̂lp is not approximate contractible and equivalently ap-
proximate amenable.
Example 2.17. By Theorem 2.16, lp⊗̂lq for 1 ≤ p, q < ∞ is approximately
semi-amenable. Which is never approximately amenable.
Definition 2.18. A dual Banach algebra A is called approximately Connes semi-
amenable if, for every normal, dual Banach A-bimodule X , every w∗-continuous
derivation D : A→ X is approximately semi-inner.
Theorem 2.19. Let A and B be dual Banach algebras. Then A ⊕ B is approxi-
mately Connes semi-amenable if and only if A and B are approximately Connes
semi-amenable.
Proof. Let X and Y be normal, dual and Banach A and B-bimodule, respectively.
Let D1 ∈ Z1w∗(A,X ) and D2 ∈ Z
1
w∗(B,Y). So X ⊕Y is normal, dual and Banach
A⊕ B-bimodule by module operations defined with
(a, b).(x, y) := (ax, by), (x, y).(a, b) := (xa, yb).
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The mapping
D∼ : A⊕ B → X ⊕Y
D∼(a, b) = (D1(a),D2(b))
is a derivation, since
D∼[(a, b)(c, d)] = D∼(ac, bd)
= (D1(ac),D2(bd))
= (D1(a).c+ a.D1(c),D2(b).d+ b.D2(d))
[D∼(a, b)].(c, d) = (D1(a),D2(b)).(c, d)
= (D1(a).c,D2(b).d)
(a, b).[D∼(c, d)] = (a, b).(D1(c),D2(d))
= (a.D1(c), b.D2(d)).
Thus,
D∼[(a, b)(c, d)] = [D∼(a, b)].(c, d) + (a, b).[D∼(c, d)]
and by w∗-continuity of D1 and D2 we conclude D
∼ ∈ Z1w∗(A ⊕ B,X ⊕ Y). So
due to the approximate Connes semi-amenability of A⊕B, D∼ is approximately
semi-inner. Thus there are nets (ψα) = (xα, yα)α and (µα) = (x
′
α, y
′
α)α, in X ⊕Y
such that for each (a, b) ∈ A⊕ B we have
(D1(a),D2(b)) = D
∼(a, b)
= lim
α
{(a, b).ψα − µα.(a, b)}
= lim
α
{(a, b).(xα, yα)− (x
′
α, y
′
α).(a, b)}
= lim
α
(axα − x
′
αa, byα − y
′
αb).
Consequently, D1 and D2 are approximately semi-inner. Thus A and B are ap-
proximately Connes semi-amenable .
Conversely, let X be a normal, dual Banach A ⊕ B-bimodule and D ∈ Z1w∗(A ⊕
B,X ). Then X is a normal, dual Banach A (and B)-bimodule by following mul-
tiplications,
a.x := (a, 0)x, x.a := x(a, 0),
(and b.x := (0, b)x, x.b := x(0, b)).
We define D1 : A → X with D1(a) = D(a, 0). Obviously, D1 is a w∗-continuous
derivation. Thus according to approximately Connes semi-amenability of A, D1 =
limα δyα, for some net (yα) in X . Therefore D
∼ = (D− limα δyα) ∈ Z
1
w∗(A⊕B,X )
and D∼|
A
= {0}. Hence D∼ : B → X is a w∗-continuous derivation. So D∼ =
limα δzα, for some net (zα) in X . Consequently, D = limα δyα+zα and it follows
that A⊕ B is approximate Connes semi-amenable. 
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